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1. Introduction and preliminaries

Let us recall that a frame is a complete lattice F (the bottom, resp. top, of which will be generally
denoted as 0, resp. 1 (except in the specific examples treated in section 3.2)), in which for all z € F and
all A C T the distributive law z A (\V A) = V/{z Aa | a € A} holds. (If we want to specify the order < on
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F, we will sometimes denote the frame by (F,<).) A map h : F; — Fy between frames F; and Fy is called
a frame homomorphism if it preserves all joins and finite meets (including bottom and top). The resulting
category is denoted Frm and its opposite category Frm®P is called the category of locales. Frames or locales
form the basis of so-called pointfree topology. For categorical terminology we refer to [1] and we will use the
monograph [8] as our standard reference regarding pointfree topology (see also [4] or [10]). In the sequel,
the category of sets (and maps), resp. of topological spaces (and continuous maps), will be denoted by Set,
resp. Top.

The usual starting point of pointfree topology is representing a given topological space X within the
category Frm by its frame O(X) of open subsets (which indeed is a frame for the order provided by subset
inclusion). Moreover, if f : X — Y is a continuous map between topological spaces, it is obvious that
O(f) : OY) = O(X),U + f~Y(U) is a frame homomorphism and that we in this way obtain a functor
O : Top — Frm°P. One of the basic goals of pointfree topology is trying to answer the question of “how much
information about the topological space can be recovered from its frame of opens O(X), without making
use of the points of X”. This pointfree topology, i.e. study of properties of frames/locales and relating them
back to the classical (= pointed) case of topological spaces, has proved to be a rich and surprising topic
over the last decades. The passage from spaces to frames/locales not only drastically enhances the scope,
but the ability to use methods coming from (universal) algebra on the frame side also provides a more
geometric insight into topology, with truly remarkable surprises along the way like e.g. a choice free proof
of the Tychonoff theorem for frames/locales (see e.g. [4,8,10]). We also note in passing that going back from
the pointfree to the classical setting is done via the so-called spectrum functor ¥ : Frm°? — Top, being a
right adjoint to O. Again we refer to [8] for more details (the definition of ¥ will be recalled further on in
this note, where it is needed).

On the other hand approach theory (see [7]), with totally different motivations, hinges on the represen-
tation of a topological space X by the set £x of lower-semicontinuous [0, oo]-valued functions on X, which
form a frame with respect to the pointwise order on £x (as derived from the pointwise order on [0, 00]¥).
If we denote the space [0, o0] endowed with its Scott topology by P, resp. the two-point space {0,1} with
its Scott topology by S (i.e. S is in fact the Sierpinski space with {1} the only non-trivial open subset), it
is easy to see that £x = Top(X,P) but also, using indicator functions, that O(X) can be identified with
Top(X,S) (moreover, when one equips Top(X,S), with the pointwise order, we even have that O(X) and
Top(X,S) are isomorphic as frames).

This begs the following natural question for a given frame F, endowed with a suitable topology: “how
much/which topological information about a topological space X can be captured by the function frame
Top(X,F) (endowed with pointwise order), and how does this depend on the nature of F”? Let us first
observe that for recovering the space X from the frame Top(X,F), the usual spectrum functor will not do
the trick: it an easy exercise to check that for a sober topological space X we have that XTop(X,P) is
homeomorphic to X x |0, oc] and not X!

The aim of this note is to investigate how and to what extent we can get rid of the factor ]0, oc] (in the
case that F = P). In section 2, we set up the framework of topological frames I, and the relevant adjunction
between Top and the (opposite of the) comma category F /Frm for a given F. In section 3, we then mainly
turn to the study of the associated notion of soberness. Our main result Theorem 3.5 provides conditions
on F ensuring that a Hausdorff topological space is F-sober. These conditions are fulfilled as soon as F is
a chain with 0 # 1 endowed with the Scott topology (Corollary 3.7). Further, in section 3.2, we compute
F-spectra of F-function frames for various spaces X and frames [, exhibiting a number of spaces that are
not F-sober, and showing in particular that the Hausdorff condition above cannot be relaxed to classical
soberness. Finally, in section 3.3 we discuss the relation between the notion of F-soberness and that of
F-fuzzy soberness as considered in [16].
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2. Topological frames and function frames
2.1. The category of topological frames

We begin by introducing the concept of a topological frame, which will play a central role in the sequel
as we are going to represent a topological space X by a frame of functions on X with values in such a
topological frame. Together with the obvious choice of morphisms they form a category, of which we list
some useful properties in this section.

Definition 2.1. Let (F, <) be a frame endowed with a topology Tp. We call (IF, <, 7p) a topological frame
provided that the operations

AN:FxF —F:(ab)—>aAb
and

sup: F! — F : (ai)ier — supa;
iel i€l

are continuous. (We will also simply write (F, 7g) or F to denote a topological frame.)

We call a subset U C F sup-inaccessible if sup;c; a; € U implies the existence of some j € I with a; € U.
We call U directed sup-inaccessible if the same condition holds, but only for directed suprema.

Proposition 2.2. Let F be a frame endowed with a topology Tg such that every open set in Tg is a sup-
inaccessible filter. Then (F,Tr) is a topological frame.

Proof. For U € Tg, we have
sup Y(U) = {(a;); € F! | supa; € U}
I iel

:{a:(ai)ie]FI|3j€[:prj(a)€U}
= J{a e F" | pri(a) e U} = Jp; ' (U).

i€l i€l

Since U is a filter, it also follows that

AHU) YEF? |anbe U}

YEF? |a,beUy=UxU. O

{(

a,b
={(a,b

Every frame F can be endowed with the Scott topology, for which a subset U C [ is Scott open if it is
an upset which is directed sup-inaccessible.

Example 2.3.

(1) Any complete chain F endowed with the Scott topology is a topological frame.

(2) Let S be the frame S = [2] = {0, 1} with the Scott topology, which reduces to the Sierpinski topology
for which {1} is open and {0} is non-open. By (1) this is a topological frame.

(3) The frame S x S endowed with the Scott topology is topological.
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(4) The frame F = [2] x [2] endowed with the topology for which (), {(1,1)} and F are the only open sets is
not topological.

If the order and topology of a topological frame (F,<,7g) are clear from the context, we will simply
write F.

Definition 2.4. Let (Fq,<;,71) and (F2, <9,72) be topological frames. A map f : F; — Fy is called a
topological frame morphism if f : (F1,71) — (F2,72) is continuous and f : (Fq,<;) — (Fa, <) is a frame
homomorphism.

We denote TopFrm the category with topological frames as objects and topological frame morphisms as
morphisms.

There are natural forgetful functors between the categories TopFrm, Frm, Top and Set, forgetting either
the topology, the order or both, given in the following diagram.

Ur
TopFrm —— = Top

Up Utop

Urrm

Frm Set

It is known that the functor Ur,, is topological and Urny, has a left adjoint (see e.g. [4,8] for a detailed
construction of this left adjoint, i.e. the construction of “free frames”). Moreover it is proved in [4] that the
obtained adjunction formed by this free functor and Urm is monadic (see also [12]).

The proof of the following useful fact essentially goes along the same lines as a result in [9)].

Proposition 2.5. U is topological.

Proof. Let (f; : F — (L;,T;))icr be a source of frame homomorphism with the L;, ¢ € I being topological
frames. Take J to be any index set and endow F with the initial topology for the original source when
disregarding the lattice structure. When using sup as a supremum operator in F and sup(? as a supremum
operator on L; for i € I, the following diagram commutes for any ¢ € I.

® f’L
(F, Tin)” —— (Li, To)
sup sup(“
J 7
fi

Indeed, for (a;); € F’, we have that

(sup'” o Q) fi)((a;);) = ‘ug(i)(fi(aj)j) = filsupa;) = (fio Sl}p)((aj)j)
J

J Jje jeJ

since f; is a frame homomorphism. Since the source (f;); is initial in Top and sup® o @ f; = fi o sup is
J J

continuous for all ¢ € I, we have that sup is also continuous.
J
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It follows analogously that the meet operator is also continuous. Hence the source has an initial lift. This
lift is unique, since it is unique in Top. O

Using some well-known standard category-theoretic results from [1,3], we immediately can draw the
following conclusions:

Corollary 2.6. U is topologically algebraic and hence is faithful and is a right adjoint (i.e. has a left adjoint).
Corollary 2.7. An arbitrary product of topological frames is topological.

For the sake of completeness, we recall Wyler’s Taut Lift Theorem ([14], also see [1]) and give a construc-
tion of a left adjoint G of Uz such that UprG = Fltep.

Theorem 2.8 (Taut Lift Theorem ([14], also see [1])). We consider a commutative diagram of functors

G
—_—

G
X< >
<<~—w

<

J
—_—

¥ 7
such that J has a left adjoint H g J and U is topological. Then G has a left adjoint F 4G with UF = HV
g

if and only if G maps U-initial sources to V -initial sources.

When applying this theorem to our situation, a reflection of (X, 7) in Top along Ur is given as follows.
Consider the Up-structured source

Sx = (X B urF,)

consisting of all pairs (f;,F;) with F; € |TopFrm| and f; € Top(X,Ur F;).
Then

(FUTOPX Ut oot By = FllmldpF; 275 Z/{FIFi)

?
is a Up-structured source in Frm. Hence it has a unique initial lift

(3

with Ur fi = Y, F, © Flropfi-
Since the source UrT x is also initial in Top and the following diagram commutes for any ¢

ALMTOP X

UTop X Urrm FUTop X —— UrimUrF; =—— UropUTFx
Urop fi \L \L UrnlF fi i UrmUr fi \L UropU fi
uTopuT]Fi = UrmlUFrF; =—— UrmlUrF; =—— z/{TopZ/{TIFi

Hence a morphism 1y € Top(X,UrFx) exists with Utep(1x) = His,,x- Then (Fx,nx) is the reflection of
X along Urp.
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2.2. Function frames

Given a topological frame F, we now come to introducing the frame Top(X,[F) that we will use to
represent a topological space X in our approach. We use the notation Fun(X,F) for the frame of maps from
X to IF endowed with the pointwise order.

Proposition 2.9. Let F be a topological frame and let X be a topological space. The subset of continuous
functions Top(X,F) C Fun(X,TF) is a subframe.

Proof. First note that the constant top and bottom functions are continuous, so the top and bottom of
Fun(X,F) are contained in Top(X,F). Next consider f,g € Top(X,F). The pointwise infimum f A g is
obtained as the composition

X —FxF ——TF
(f.9) A

of continuous maps. Consider a family (f;)icr with f; € Top(X,F). The pointwise supremum sup;c; f; is
obtained as the composition

X—>F _—>TF

(fi)i Sup;
of continuous maps. This finishes the proof. O

Note that there is a natural frame homomorphisms 'y : F — Top(X,F) : a — ¢, where ¢, : X — F :
x — a is the constant function with value a. Let F/Frm denote the comma category. Objects of F/Frm
are frame homomorphisms F — L and are called F -frames. Hence, we can consider I'x as an F-frame. A
morphsim between (L,yr : F — L) and (L',vr, : F — L’) in F/Frm is a frame homomorphsim h : L — L’
such that hyp = vg-.

Definition 2.10. Let F be a topological frame. For a topological space X, the F-frame Op (X) = I'x is called
the F -function frame of X.

A continuous map ¢ : X — X’ between topological spaces naturally gives rise to a frame homomorphism
Or(¢) : Top(X",F) — Top(X,F) : f— fo
which satisfies Op (p)I'x, = I'x. We thus obtain a functor
Or : Top — F/Frm°P.

2.8. The F-spectrum

Let F be a topological frame with topology Tr and let L = (L,vy, : F — L) be an F-frame. The F-frame
F = (F,1p : F — F) is the initial object in F /Frm.

Consider the set Frmp (L, F) = (F/Frm)(L,F) of frame homomorphisms ¢ : L — F with ¢y, = 1 and

the source of maps

(evl : Frm]F(L,]F) —F: f — f(l))leL-
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Definition 2.11. The F-spectrum of L is the set Specy(L) = Frmp(L,F) endowed with the initial topology
for the source (ev;)ey.

Proposition 2.12. A frame homomorphism ¢ : L — L' gives rise to a continuous map
Specg (¢) : Frmp (L', F) — Frmp (L, F) : f — fop.

Proof. This follows by definition of the initial topology on Frmg (L, ), since the compositions ev;Specy (¢) =
evy(y : Frmp (L', F) — I are continuous for the initial topology on Frmp(L',F). O

We thus obtain a functor
Specg : F /Frm°? — Top.
Note that for L = Top(X,F),

Frmp (L, F) = {¢ : L — F frame homomorphism | yT'x = 1}
={¢: L —» F frame homomorphism | Va € F : ¢(c,) = a}.

For F =S, we have

Frms(L, L") = {¢ : L — L’ frame homomorphism | ¥y (0) = Ly, ¥y (1) = T}
= Frm(L, L").

For a frame L, we recall two (homeomorphic) definitions of the spectrum of L, namely

o Spec, (L) := ({a € L | ais meet-irreducible}, {], | a € L}), where X/, = {p | a £ p},
o XL :=(Frm(L,S),{Z, | a € L}), where ¥, = {h € Frm(L,S) | h(a) = 1}.

Since for any frame L there exists a unique frame morphism S — L, we can see that the definitions of frame
and S-frame coincide. Moreover the spectrum XL of L is the same (as a set) as the S-spectrum of L. The
following proposition shows that both spectra are the same when considered as topological spaces.
Proposition 2.13. The topological spaces Spec, (L), Specs(L) and £ L are homeomorphic.
Proof. Consider the following maps
1 : XL — Specg(L) : h— h
0 ifi<p
g : Specpy (L) — XL :pr— | ¢pp: L =+ S: 1l —
1 otherwise
3 : L — Spec, (L) : h— sup h™*(0)
The fact that ¢, is a homeomorphism with inverse 3 can be found in [4,8].
YL and Specg(L) are homeomorphic since for any | € L, ev; is continuous if and only if evfl(l) =3 is

open. Hence {E, | a € L} is coarser than the topology on Specg(L). Since the topology on Specg(L) is the
coarsest making the evaluation maps continuous, both topologies are equal. O
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2.4. Spatial F-frames

Let L be an F-frame. There is a natural F-frame homomorphism py, : L — OpSpecp (L) given by

pr : L — Top(Frmp (L, F),F) : L — (f — f(1)). (2.1)
Definition 2.14. An F-frame L is called F-spatial if py, is an isomorphism of F-frames.

Example 2.15. Let L be a frame considered as an S-frame. Then L is a spatial S-frame if and only if it is
a spatial frame in the usual sense, that is if and only if the following condition holds: for every a £ b in L,
there exists £ € Spec, (L) with a £ € and b < €.

2.5. F-sober spaces

Let X and Y be topological spaces.

Definition 2.16.

(1) X is Y-initial if the source of all continuous functions (f : X — Y'); is initial.
(2) X is Y-separated if the source of all continuous functions (f : X — Y'); separates points.

Lemma 2.17. Let X, Y and Z be topological spaces.

(1) If X is Y-initial and Y is Z-initial, then X is Z-initial.
(2) If X is Y-separated and Y is Z-separated, then X is Z-separated.

Let F be a topological frame and let X be a topological space.
There is a natural continuous map nx : X — Specy Op (X) given by

Nx : X — Frmp (Top(X,F),F) : 2z — (f — f(x)). (2.2)
Definition 2.18.

(1) X is F-sober if nx is a homeomorphism.

(2) X is F-generating if every frame homomorphism v : Top(X,F) — F which satisfies ¥(c,) = a for every
constant function ¢, : X — F : & — a is given by the evaluation function ¥ = ev, : Top(X,F) — F :
f— f(z) of a point z € X.

Proposition 2.19. The following are equivalent:

(1) X is F-sober;
(2) X is F-initial, F-separated and T -generating.

Proof. First assume that X is F-sober. Hence nx : © — ev, is a homeomorphism. Let g : ¥ — X and
f X — F be continuous. Consider the following diagram.
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Y X F

Frmp (Top(X,F),F)

For € X, we have that (evy o nx)(x) = evy(ev(z)) = ev,(f) = f(z) and hence the diagram commutes.
For any f, since f o g is continuous, evy onx o g is continuous. By initiality of the source of all (evs)s, nxog
is continuous as well and since nx is a homeomorphism, g is continuous. Hence X is F-initial.

Let © # y be in X. Then ev, = nx(z) # nx(y) = evy. Hence an f € Top(X,F) exists such that
f(x) =evy(f) # evy(f) = f(y). So X is F-separated.

Finally let ¢ € Frmp(Top(X,F),F). Then ¢ = nx(z) for some = € X, and therefore ¢ = ev, for some
reX.

Now assume that X is F-initial, F-separated and F-generating. Then nx is injective since X is
F-separated. Indeed, for x # y in X, we can find a continuous f : X — F with f(x) # f(y). So
evy(nx(z)) # evy(nx(y)) and hence nx () # nx (y). For surjectivity, let ¢ € Frmp(Top(X,F),F). Since X
is F-generating, some x € X exists with ¢ = ev, = nx (z).

Continuity of nx follows since, for any f € Top(X,F), evfonx = f and the source of all (evy) is initial.
For continuity of 77;(1, we use the fact that evy = fo 77;(1 and that X is F-initial. O

Let S — F be the unique frame homomorphism. Recall that an embedding of topological spaces is by
definition an initial injective map.

Lemma 2.20. If S — F is an embedding, then every topological space is F-initial and every Ty-space is
F-separated.

Proof. Immediate from Lemma 2.17 since all topological spaces are S-initial and the Tj spaces are precisely
the S-separated spaces. O

It is not hard to show that the functor Of : Top — F/Frm®? is right adjoint to Specy : F /Frm°® — Top,
with the unit of the adjunction determined by (2.2) and the co-unit by (2.1) (see also section 3.3).

3. An investigation of F-soberness

Let F be a topological frame and let X be a topological space. The aim of this section is to identify some
natural circumstances in which X is F-sober and to provide some examples of F-spectra of F-frames.

3.1. F-soberness and Hausdorff spaces

Lemma 3.1. If X is a TO space, 0 # 1 in F and {0} CTF is a closed set, then X is F-initial and [F -separated.

Proof. Immediate from Lemma 2.20 since the canonical frame homomorphism S — F is an embedding in
this case. O

Next, we will investigate circumstances in which X is F-generating. Consider the frame L = Top(X,F).
We will make use of the canonical map

Specp (L) x Specg(F) — Specg(L)

given by composition of frame homomorphisms.
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We start by calculating Specg(L). An element f € L is A-irreducible if f # ¢; and if f = g A h implies
f=gor f=h.Let Spec,(L) denote the set of A-irreducible elements. To a A-irreducible element p € L,
we associate the frame homomorphism

0 ifl<
¢p:L—>[2]:l'—>{ =P

1 otherwise

and the resulting ¢ : Spec, (L) — Specg(L) is a homeomorphism by Proposition 2.13.
For z € X and a € F, consider the function

a ify=z

fea: X —F:iyr—
T otherwise.

Lemma 3.2. Suppose X is a Hausdorff space and every closed set C CTF with T € C satisfies C =TF. Then
we have

Speca (L) = {fe.a | * € X, € Spec, (F)}. (3.1)

Proof. The function f; . is readily seen to be continuous and A-irreducible. Consider ¢t # f € L and
suppose f # fy for all x and a. Hence, there are two points  # y in X with f(z) = o # T and
f(y) = B # T. Take disjoint open subsets U, and U, with € U, and y € U,. For z € {z,y}, define the
function

fla) if ag¢U,

f:: X —[0,00] : a +—>
1 otherwise

For a closed set C C F with T ¢ C, we have f;1(C) = f~1(C) N (X \ U,), hence the function f, is
continuous. Clearly, we have f = fy A fy and f # fo, [ # fy. O

From now on, we suppose (3.1) holds. For p = f, o, the corresponding element of Specg(L) is

0 if f(z) <«

1 otherwise.

pm7a¢p:L*>[2]:fb—>{

Further, for 5 € Spec, (IF), the corresponding element in Specg(F) is

0 if&<p

1 otherwise.

<pg:]F—>[2]:§»—>{

Now suppose 9 : L — F is a frame homomorphism with ¢ (c,) = a. For every 5 € Spec, (F), we obtain
a composed frame homomorphism ¢gt) : L — [2] and hence an x € X and « € Spec, (F) with

©pY = pPr.a-

Let us prove first that o = . For v € Spec, (F), we have pgt(cy) = pg(y) = 0 if and only if v < 5 and
Pz.a(cy) = 0 if and only if v < a. It follows that indeed o = 3. Hence, for every 8 € Spec, (F), we obtain
zg € X with

PEY = Py ,p- (3:2)
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Lemma 3.3. Consider o, 8 € Spec, (F). If a < B, then x4 = x3.

Proof. We have ¢~ 1([0,a]) C ¥~1([0,8]). Now f,_ o satisfies fo_ o(za) < a, hence py. o(fra.a) = 0. So
©a¥(fra,o) = 0, which means that V(fraa) S @S0 Y(fa,,a) < By 0 (fra,o) = 0and hence py, 5(fon,0) =

0. Thus fs, o(zg) < B. Since fy, o(y) =1 for y # x,, we necessarily have g3 = z, as desired. O
Lemma 3.4. Suppose F is an S-spatial frame. If two frame homomorphisms ¥, ¢ : L — F satisfy

$7H([0,7]) = 67 ([0,7])

for every v € Spec, (), then we have 1) = ¢.

Proof. Suppose there exists © € X with ¢(z) # ¢(z). Then we have for instance ¢)(z) £ ¢(x). Since F
is spatial, there exists a A-irreducible element v with ¢(z) < v and ¢(z) £ v, that is, z € ¢~1([0,7] and
x ¢ ¢¥~1([0,7]). This contradicts the hypothesis. O
By (3.2), for 5 € Spec, (F) we have
W ([0.8) = {f € L| f(xp) < B} = ev ([0, B]). (3.3)

A poset P is called connected if for every p,q € P, there exists a finite chain of comparisons

P=po<p1>p2<-<Pp-1>Pn=¢(¢
possibly starting with pg > p; and or p,—1 < pn.

Theorem 3.5. Let X be a Hausdorff topological space, and let F be topological frame such that the following
conditions are fulfilled:

1
2

(1) 0#£1 inF;

(2)

(3) Spec,(F) is a connected poset;
(4)

()

I is spatial;

4) {0} CF is closed;
5) 1€ C CF and C closed implies C =TF.

Then X is F-sober.
Proof. By Lemma 3.1, X is F-initial and [F-separated. We show that X is also F-generating. By Lemma 3.2,
(3.1) holds, and hence, for every 8 € Spec, (F), we obtain z3 € X with (3.2). Pick any fixed o € Spec, (F)

and put z = z,. Since Spec, (F) is connected, for any 8 € Spec, (F), we have 3 = « by Lemma 3.3. Thus,
by (3.3), we have

»7H([0, B]) = evz ([0, B))
for every 8 € Spec, (F). By Lemma 3.4, it follows that ¢ = ev,,, as desired. O

Remark 3.6.

(1) Condition (3) is fulfilled if 0 € Spec, (F).
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(2) Conditions (4) and (5) are fulfilled if F is endowed with the Scott topology.

Corollary 3.7. Let X be a Hausdorff topological space. Let F be a chain with 0 % 1 endowed with the Scott
topology. Then X is IF-sober.

Example 3.8. Let F = [2] x [2] endowed with the Scott topology. This is seen to be a topological frame.
Note that F satisfies all conditions in Theorem 3.5 except (3): indeed, we have Spec,(F) = {(0,1),(1,0)}
with the pointwise order. Let X be a two point discrete topological space. We have L = Top(X,F) 2 F xF.
Elements in Specg (L) are frame homomorphisms ¢ : F x F — F with ¢(a,a) = a for all a € F. The two
evaluation functions correspond to the two projections p1,ps : F x F — F. Now, we see that there exist
other elements in Specy (L), namely the frame homomorphisms

Y1 ([2] x [2]) < (2] x [2]) — [2] < [2] : ((2,9), (@, 9)) ¥— (2,)
and

vr (2] < [2]) x ([2] x [2]) — [2] x [2] : (=, ), (2",9) — (2", ).
3.2. Some examples of F-spectra

In this section, consider, for n € N, the chain n = {0,1,--- ,n —1} and N = N U {co} endowed with the
Scott topology (these are the finite ordinals and w + 1) and P = [0, o], also with the Scott topology. These
are all topological frames.

Proposition 3.9. For X =S and F = P, we have that Specp (Top(S, P)) is homeomorphic to P.

Proof. First we note that

Top(S, P) = {f : 2 = [0,00] | f(0) < f(1)}
=2{(z,y) e P xP|x <y}

An element ¢ € Specp(Top(S,P),P) can now be seen as a map with ¢(x,z) = x for all € P. Since, for
z,y € P with z < y,

(z,y) = (0,y) V (z,2) = (y,y) A (x,00),
we have that

o(z,y) = ¢(0,y) V o(z,z) = ¢(0,y) V
= (@(y,y) A (0,00)) V= (y Ap(0,00)) V .

So the map
® : Specp(Top(S,P)) = P : v — ¢(0,00)
is injective. We will now show that is surjective. For o € P, define

Yo : TOp(S,P) = P : (x,y) — (yAa) V.
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Clearly ¢, maps constant functions to their constant value. It also preserves arbitrary joins. Let (x;, ;) be
in Top(S,P) for ¢ € I. Then

Pa <\/($uyz)> = Pa \/ z;, \/ Yj

Jjel

= \/yj/\a \/\/xi

jel i€l
= \/(yj/\a)\/\/xi
jeI i€l
= \/ (y; Na) Va;
i,jel
= \/(% Na)Vax; = \/Qpa(l'ivyi)v
iel iel

where the last equality holds since the join operator is commutative. It also follows that ¢, is increasing.
For finite meets, let (z,y), (2’,y") € Top(S,P), we have that (z Ay Aa)V (' AyAa) <yAy Aaand
thus

Pal@,y) Apa(@',y) = (yAa) V) A (Y Aa) Va')
=AY Aa)VyAaA)V(zAy Aa)V (zAz')
=WyAy ANa)V (zAa')
= va((z,y) A (2, ).

Since S is P-initial, ® and ®~' are continuous. O
Proposition 3.10. Spec,(Top(S,n)) is homeomorphic to n.
Proof. This is an easy adaptation of the proof of Proposition 3.9. O

Proposition 3.11. For X = 3 and F = P, we have that Specp(Top(3,P)) is homeomorphic to {(a, ) €
PxP|a>g}

Proof. First we note that

Top(3,P) = {f:3—[0,00] | f(0) < f(1) < f(2)}
= {(z,y,2) €P? |z <y <2}

and that
Top(2°P,P) = {f:2 = [0,00] | f(0) > f(1)} = {(a, ) € P x P | > S}

(where is also endowed with the Scott topology). An element ¢ € Specp(Top(3,P),P) can now be seen as
a map with ¢(z,z,2) = z for all z € P. Using the same reasoning as in Proposition 3.9, we can see that for
z,y,z € P with x <y <z,

@(x’ Y, Z) = (Z A ‘P(O’ 0, OO)) N (Z/ A (p(o’ 00, OO)) V.
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So the map
® : Specp (Top(3,P)) — Top(2°P,P) : ¢ — ((0, 00, 00), ¢(0,0,00))
is injective. We will now show that is surjective. For «, 8 € P with o < 3, define
Va3 Top(3,P) = P: (z,y,2) mxV(yAB)V (2 Aa).
Clearly ¢, maps constant functions to their constant value. It also preserves arbitrary joins as in Proposition
3.9.

For finite meets, let (z,y, 2), (z',y’, 2") € Top(3,P), we have that (z A2’ Aa) V(' AzAQ)V (Y AzAa)V
(A2 ANa)<zAZ Aaand (x Ay AB)V (&' Ay AB) <yAy ApS and thus

Vas(T,9,2) Npap(@, Y, 2 ) =@V (yAB)V(Aa)A @ V(Y AB)V (2 Aa))
=@A)VYAY AB)V(zAZ Aa)

= as((z,y,2) A (@'Y, 2)).
Recall that the topology on Specp(Top(3,P),P) is the initial topology for the source
(eV(z,y,2) : Frmp(Top(3,P), P) = P : ¢ = (2,4, 2))(2,,2)€Top(3,P) (3.4)
and the topology on Top(2°P,IP) is initial for the source
(pr; : Top(2°P,P) — PP),c2. (3.5)
Since the maps
prg o ® = ev(g,00) : Frmp(Top(3,P),P) = P : v = (0,0, 00)

and pry o ® = ev(( o 00) are in (3.4), both maps are continuous. Since (3.5) is initial, ® is continuous.
Now, for (z,y,z) € Top(3,P) and v € P, consider

Oa)(7) = (V(ay,2) 0 @71) 1 (], 09)).

If we can prove that O(,,, .y(7) is open in Top(2°?,IP), then ev(, , .y o ®~! in continuous and by initiality
of (3.4), ®~! is continuous.
For (o, 8) € Top(2°P, P), we clearly have that

(a,B) €Oy (y) S x>yoryAB>yor zAa> 1.

If v <z, then O,y -)(7) = Top(2°P, P) and if z < 7, then O, ) () = 0. So we can assume that z < v < z.
If £ <v <y <z then (o, 8) € Ogy,»(7y) if and only if y A B > v or 2 A > v, which is equivalent to
saying that 8 >+ or a > ~y. Since 8 > «, we can reduce this to 8 > ~. So

Ofay.2)(v) = prg (I, 00]) Upry ' (1, o0]) = pry (v, o)

which is open in Top(2°P, P).
If v <y <7<z then (o, 8) € Oyy,-)(7) if and only if 2 A a > v, which is equivalent to saying that
a > 7. S0
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O(z,y z) ( ) - pr()_l(]’Ya OO])
which is open in Top(2°?,P). O
Proposition 3.12. For X =S x S and F = 3, we have that Specy(Top(S x S, 3)) is homeomorphic to 3 x 3.

Proof. We will denote S x S = {0,a,b,1} with 0 < a <1 and 0 < b < 1. Then again, we note that

Top(S x S,3) = {f :{0,a,b,1} = 3 [ f(0) < f(a) < f(1), f(0) < f(b) < f(1)}
~{(L,A,B,T)e3" | L<A<ST,L<B<TY}
where we define L = f(0), A = f(a), B = (b) and T = f(1) in order to simplify notations. An element
¢ € Specg(Top(S xS, 3)) can now be seen as a map with ¢(z, z,z,z) = x forallz € SxS. For (L,A,B,T) €
Top(S x S, 3), we have that
(L, A B,T)
©((0,0,0,T) Vv (0,4,0,A4) v (0,0,B,B) V (L, L, 1,1))
=¢(((0,2,0,2) A (0,0,2,2) A (T, T, T,T)) vV ((0,2,0,2) A (A, A, A, A))
((0,
(

V((0,0,2,2) A (B, B, B, B)) V (L, 1, L, 1))
= ((0,2,0,2) A 9(0,0,2,2) AT) V (0(0,2,0,2) A A) V (¢(0,0,2,2) A B) v L

So the map
© : Specy(Top(S x S,3)) = 3% 1 p = ((0,2,0,2),£(0,0,2,2))
is injective. Using the same techniques as in Proposition 3.11, we can show that it is a homeomorphism. O

Proposition 3.13. For X =3 and F = n, we have that Spec,(Top(3,n)) is homeomorphic to {(a, ) Enxn |
a > B}

Proof. This is an easy adaptation of the proof of Proposition 3.11. O

Note that for L = Top(S,3) and F = 3, Propositions 3.10 and 3.13 show that for an F-frame L, Spec (L)
is not necessarily [F-sober.

8.3. Relation to sobriety of fuzzy frames

Using fuzzy topology and fuzzy frames, it is also possible to define a more general notion of sobriety, as
is done in [16]. We will recall some of the properties needed to compare this to our notion.

Definition 3.14. Let F be a topological frame. An F-fuzzy topological space is a pair (X, 7x) with X a set
and 7x a subframe of Fun(X,TF), containing all constant maps.

Amap f: (X,7x) — (Y, 7y) is continuous if gf € 7x for all g € 7y. The category of F-topological spaces
and continuous maps is denoted by F-Top.

Now, consider the following functors:
wlp Q]F

Top _ 1 — 1 _F- Top _ 1 (F/Frm)°P

L]F pt]F
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Here, wp maps (X, T) to (X, Top(X,F)) and ¢ maps (X, 7x) to (X, Tin) where T, is the initial topology
for 7x. These functors constitute an adjunction (see [5,6,13]). Moreover, if X is F-initial, tpwp = L1op.

The functor QF maps an F-fuzzy space (X, 7x) to 7x and pty maps an F-frame L to (Frmp (L, F), {ev; }ier)-
As shown in [16], these also constitute an adjunction.

Clearly Op = Qpwr and Specy = tppty, proving in particular that these functors are also adjoint as
claimed earlier on at the end of section 2.

Definition 3.15. An F-fuzzy space X is called F-fuzzy sober if pty QF X is homeomorphic to X. An F-frame
L is called F-fuzzy spatial if Qppty L is isomorphic to L.

The following is Theorem 1.4 in [16].
Theorem 3.16. For an F-fuzzy space X, Qp X is F-fuzzy spatial and ptpQr X is F-fuzzy sober.
We have the following relation:

Proposition 3.17. Suppose X is an F-initial topological space such that wp X is F-fuzzy sober. Then X is
F-sober.

Proof. If f : wpX — ptpQrwrX is a homeomorphism in F-Top, ¢f : X = (pwpX — SpecyOpX is a
homeomorphism in Top. O

Contrary to the situation described in Theorem 3.16, we have that Specy O X is not F-sober in general.
The sobrification fails when going back from F-Top to Top, even if X is F-initial. To see this, take F = 3.
Then ptpQrwrS is F-fuzzy sober, but (pptpQrwrS is not F-sober.

Proposition 3.18. Let X be an F-initial space such that Specy Op X is not F-sober. Then ptQrwrX is not
homeomorphic to wgY for any F -initial space Y .

Proof. Since SpecpOp X is not F-sober, X is also not F-sober and hence wp X is not F-fuzzy sober. But
W = ptpQrwr X is F-fuzzy sober. Assume that W = wrY for some Y, then Y is F-sober. But Y = (pwpY =
tFW = Specp O X, which is a contradiction with the assumption that Specp O X is not F-sober. O

There are still other notions of sobriety of F-topological spaces. Some of these are compared in [15]. A
specific one worth mentioning is the one by Pultr and Rodabaugh in [11] and later generalised in [2] as they
make use of the functors wp and (f, contrary to Zhang and Liu. Their version of sobriety for an F-fuzzy
space X is equivalent to the classical sobriety of 1y X. However, their sobriety is weaker then the one by
Zhang and Liu, whereas ours is clearly not, hence both notions are not equivalent.

4. Research questions

To finish this note, we give an outline of some further questions which we are currently investigating and
which will be treated in future publications.

4.1. Relation between soberness with respect to different topological frames

In principle, different choices of F may give rise to new notions of F-soberness for a given topological
space. For a certain class of topological frames IF, these notions of soberness might be related (at first we
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are mainly interested in the class of topological frames containing S). Can we find a set of conditions to
impose on topological frames Fq,Fs such that the implications

X Hausdorff = X F;-sober = X Fy-sober = X sober

hold?
For 1,y in a class of topological frames with additional properties, can we find a general description
for Specg, (Top(X,F1))? Or even just for F; = F?

4.2. The forgetful functor to frames

For a topological frame F, there is a natural forgetful functor U : F/Frm — Frm : (L, : F — L) —
L. What can be said about the image of this functor, and the fiber of a given L € Frm? There are natural
actions of both Frm(F,F) and Frm(L, L) on the set ®p(L) = {7 : F — L} of F-frame structures on a
given frame L.

The fact that, in Example 3.8, the frame F = S x S gives rise to a different notion of F-soberness seems
related to the inner automorphism ¢ : F — F which exchanges the elements (0,1) and (1,0). If this is
indeed the case, can we somehow “mod out” the action of this automorphism?

4.3. Relation with EM-categories

The category Frm can be obtained as an Eilenberg-Moore category from a standard adjunction between
Top? and Set (see e.g. [4] and also [12] in this respect). Does a similar setup exist for F/Frm?

Acknowledgements

The authors are very grateful to Bob Lowen for posing the problem of recovering a topological space
from an associated function frame, and for illuminating discussions on the topic. They also thank Bernhard
Banaschewski for interesting and valuable discussions and comments. Finally, they thank two anonymous
referees for valuable comments and suggestions which helped improve the paper.

References

[1] J. Addmek, H. Herrlich, G.E. Strecker, Abstract and Concrete Categories. The Joy of Cats, Pure and Applied Mathematics,
John Wiley and Sons, Inc., New York, 1990.

[2] J. Gutiérrez Garcia, U. Hohle, M.A. de Prada Vicente, On lattice-valued frames: the completely distributive case, Fuzzy
Sets Syst. 161 (2010) 1022-1030.

[3] H. Herrlich, T. Mossakowski, G.E. Strecker, Algebra U Topology. Category Theory at Work, Heldermann Verlag, Berlin,
1991, pp. 137-148.

[4] P.T. Johnstone, Stone Spaces, Cambridge Studies in Advanced Mathematics, vol. 3, Cambridge University Press, Cam-
bridge, 1982.

[5] R. Lowen, Fuzzy topological spaces and fuzzy compactness, J. Math. Anal. Appl. 56 (1976) 621-633.

[6] R. Lowen, A comparison of different compactness notions in fuzzy topological spaces, J. Math. Anal. Appl. 64 (1978)
446-454.

[7] R. Lowen, Index Analysis. Approach Theory at Work, Springer Monographs in Mathematics, Springer, London, 2015.

[8] J. Picado, A. Pultr, Frames and Locales. Topology Without Points, Frontiers in Mathematics, Birkhduser/Springer, Basel
AG, Basel, 2012.

[9] H.-E. Porst, On the existence of free topological groups, in: Category Theory at Work, Heldermann Verlag, Berlin, 1991,
pp. 165-176.

[10] A. Pultr, Frames, Handbook of Algebra, vol. 3, Elsevier/North-Holland, Amsterdam, 2003, pp. 791-857.

[11] A. Pultr, S.E. Rodabaugh, Lattice-valued frames, functor categories, and classes of sober spaces, in: S.E. Rodabaugh,
E.P. Klement (Eds.), Topological and Algebraic Structures in Fuzzy Sets: A Handbook of Recent Developments in the
Mathematics of Fuzzy Sets, Kluwer Academic Publishers, Dordrecht, Boston, London, 2003, pp. 153-187 (Chapter 6).

[12] G.J. Seal, On the monadic nature of categories of ordered sets, Cah. Topol. Géom. Différ. Catég. 52 (3) (2011) 163-187.


http://refhub.elsevier.com/S0166-8641(19)30379-7/bib414853s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib414853s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib474850s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib474850s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib484D53s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib484D53s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib4As1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib4As1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib4C3736s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib4C3738s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib4C3738s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib4Cs1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib5050s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib5050s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib506Fs1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib506Fs1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib50s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib5052s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib5052s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib5052s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib53s1

18 W. Lowen et al. / Topology and its Applications 273 (2020) 106974

[13] M.W. Warner, Fuzzy topology with respect to continuous lattices, Fuzzy Sets Syst. 35 (1990) 85-91.

[14] O. Wyler, On the categories of general topology and topological algebra, Arch. Math. (Basel) 22 (1971) 7-17.

[15] W. Yao, A survey of fuzzifications of frames, the Papert-Papert-Isbell adjunction and sobriety, Fuzzy Sets Syst. 190 (2012)
63-81.

[16] D. Zhang, Y. Liu, L-fuzzy version of stones representation theorem for distributive lattices, Fuzzy Sets Syst. 76 (1995)
259-270.


http://refhub.elsevier.com/S0166-8641(19)30379-7/bib5761s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib57s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib59s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib59s1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib5A4Cs1
http://refhub.elsevier.com/S0166-8641(19)30379-7/bib5A4Cs1

	Frames of continuous functions
	1 Introduction and preliminaries
	2 Topological frames and function frames
	2.1 The category of topological frames
	2.2 Function frames
	2.3 The F-spectrum
	2.4 Spatial F-frames
	2.5 F-sober spaces

	3 An investigation of F-soberness
	3.1 F-soberness and Hausdorff spaces
	3.2 Some examples of F-spectra
	3.3 Relation to sobriety of fuzzy frames

	4 Research questions
	4.1 Relation between soberness with respect to different topological frames
	4.2 The forgetful functor to frames
	4.3 Relation with EM-categories

	Acknowledgements
	References


